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A canonically defined mod 2 linear dependency current is associated to each collection u 
of sections, ui, ...^Vm, of a real rank n vector bundle. This current is supported on the linear 
dependency set of v. It is defined whenever the collection v satisfies a weak measure theoretic 
condition called "atomicity". Essentially any reasonable collection of sections satisfies this 
condition, vastly extending the usual general position hypothesis. This current is a mod 2 
d— closed locally integrally flat current of degree q = n — m + 1 and hence determines a Z2— 
cohomology class. This class is shown to be well defined independent of the collection of 
sections. Moreover it is the qth Stiefel-Whitney class of the vector bundle. 

More is true if q is odd or q = n. In this case a linear dependency current which is twisted 
by the orientation of the bundle can be associated to the collection u. The mod 2 reduction 
of this current is the mod 2 linear dependency current. The cohomology class of the linear 
dependency current is 2-torsion and is the gth twisted integral Stiefel-Whitney class of the 
bundle. 

In addition, higher dependency and general degeneracy currents of bundle maps are studied, 
together with applications to singularities of projections and maps. 

These results rely on a theorem of Federer which states that the complex of integrally flat 
currents mod p computes cohomology mod p. An alternate approach to Federer's theorem is 
offered in an appendix. This approach is simpler and is via sheaf theory. 
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It is well known [BC,Pon,S,W] that the linear dependency set of a collection of sections 
of a vector bundle is related to the characteristic classes of the bundle. In particular the 
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zero set of a regular section defines a cohomology class which is the Chern-Euler class of 
the bundle. In [HL3] canonically defined current representatives of the Chern classes of 
a complex vector binidlc were associated to collections of smooth sections of the bundle. 
These currents are called linear dependency currents since they are supported on the linear 
dependency set of the collection of sections. 

The main aim of this paper is to study the linear dependency currents of a collection of 
sections of a real vector bundle. These are either mod 2 or bundle-twisted currents which 
represent either the mod 2 or twisted-integer St iefel- Whitney classes of the bundle. Since 
they are either mod 2 or 2-torsion these currents were overlooked in [HL3]. 

The linear dependency current associated with an ordered collection u of sections of a 
real vector bundle is defined in Section 3 paralleling a standard construction in enumerative 
geometry (see for example [Por], [Fu]). In general the most one can say is that this linear 
dependency current, LD™°^^(z/), is a mod 2 current and that it determines a Z2-cohomology 
class which is well defined independent of the particular collection of sections of the bundle, 
(Theorem 3.15). 

However if the degree of LD™°'^^(i/) is odd or equal to the rank of the bundle it is 
also possible to define a (bundle-twisted) linear dependency current, LD(z/), which encodes 
certain (twisted) integer multiplicities of dependency among the sections, (Proposition 3.17). 
The mod 2 reduction of this current LD(z^) is the mod 2 current LD™°'^^(z^). The current 
LD(z/) determines a (twisted) integer cohomology class well defined independent of the 
choice of collection v, (Theorem 3.7). If the degree of LD(z>') is less than the rank of the 
bundle (which occurs when the collection consists of more than one section) this cohomology 
class is a torsion class of order 2, (Corollary 3.9). 

A major advantage of the approach taken here is that the linear dependency current 
is defined whenever the collection u satisfies a weak measure theoretic condition called 
"atomicity", which is vastly more general than the usual general position hypothesis. For 
example, a real analytic collection of m sections of a rank n bundle is atomic provided that, 
for all j G {0, 1, m — 1}, the codimension of the set of points over which exactly j of the 
sections are linear independent is at least the expected codimension n — j, (see [HL3,2.14]). 

Another important property of the (mod 2) linear dependency current is that it is a 
(mod 2) locally integrally fiat current. Recall that the integrally fiat currents are those of 
the form R + dS, where R and S are rectifiable. Fcdcrer [F] proved that the complex of 
locally integrally flat currents (or such currents mod p) can be used to compute integer (or 
mod p) cohomology. In the Appendix we offer an alternate approach to the theory of (mod 
p) integrally fiat currents and their cohomological properties. This simple approach is via 
sheaf theory and is quite distinct from the form of the theory given in the literature. 

The theory of dependency currents relies heavily on the theory of zero divisor currents 
which was originally developed in [HS] for "atomic "sections of an oriented vector bundle 
over an oriented manifold. The notion of an atomic section provides a generalization of 
the notion of a section being transverse to zero, one which is both useful and vastly more 
general. The zero divisor is a d-closed locally integrally fiat current which determines a 
unique integer cohomology class, the Euler class. In this paper it is crucial that the notion 
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of a zero current be understood in the non-orientable case. This is done in Section 2 where 
the zero divisor is defined as a bundle twisted current. This current determines a cohomology 
class, (Theorem 2.5), which is the twisted Euler class, eG Z), of the vector bundle. 

The reduction mod 2 of the zero divisor eliminates the twisting, yielding a mod 2 current 
which represents the top Stiefel-Whitney class, Wn G Z2). 

In Section 4 we identify the Z2-cohomology class of the degree q mod 2 current LD"^*"^ ^ (v) 
as Wq, the qth. Stiefel-Whitney class of the bundle, (Theorem 4.1). Moreover, if q is odd, 
the Z-class of the twisted current LD(z>') is identified as the qth. twisted integral Stiefel- 
Whitney class Wq e H''{X,Z,), (Theorem 4.10). This result is a corollary of the fact that 
the Bockstein of the mod 2 dependency current LD™°'^^(z/) of degree g — 1 is the degree q 
twisted dependency current associated with a subcoUection of the collection u, ( c.f. [W], 
[St]). 

The Stiefel-Whitney classes were originally defined ([S], [W], [St]) as the primary ob- 
struction to the existence of certain collections of linearly independent sections of a bundle 
F ^ X. In Section 5 we examine the relationship between linear dependency currents 
and obstruction cocycles. Given a triangulation of X it is possible to choose a particular 
atomic collection of sections of F so that the Steenrod obstruction cocycle of the collection 
is defined. The Poincare dual of such a cocycle is a cycle which defines a current on X 
by integration. We then show that this obstruction current is equal to the linear depen- 
dency current of the particular collection of sections. Among other things, this provides an 
alternate proof of the results of Section 4. 

In Section 6 higher dependency currents and general degeneracy currents of vector bundle 
maps are discussed, further expanding the results of [HL3]. Some of the degeneracy currents 
studied in Section 6 were not included in [HL3] since they are either not defined as twisted 
currents or their real cohomology class is zero. In these cases we can define mod 2 and/or 
twisted degeneracy currents. The integer cohomology classes of the twisted degereracy 
currents were first studied by Ronga [R] who proved that they are uniquely determined by 
their torsion free part and mod 2 reduction. We expand upon Ronga's result by explicitly 
identifying the integer cohomology classes of the higher dependency currents as certain 
polynomials in the integer Pontrjagin and Stiefel-Whitney classes, (Theorem 6.15). 

In Section 7 applications of the theory to singularities of projections and maps are given. 
In particular we recover the well know fact that the Steifel- Whitney classes of the tangent 
bundle TX and normal bundle NX of a submanifold X C M"^ can be defined in terms of 
singularities of projections. The original version of this result is due to [Pon] , [T] (see also 
[BMc]). Note however that they only consider generic projections whose critical sets are 
non-degenerate, with multiplicity ±1. The atomic theory enables us to consider degenerate 
critical sets of arbitrary integer multiplicity, (Proposition 3.17). In particular, if X is a 
real analytic submanifold, the tangent and normal Stiefel-Whitney classes can be defined 
in terms of the singularities of any projection whose degeneracy subvarieties have at least 
the expected codimension. Integer and mod 2 cohomological obstructions to the existence 
of smooth immersions and surjections between manifolds are also given, c.f. [R] . 
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Two further applications are worth noting. Following [HL3] we can define mod 2 and 
twisted integer degeneracy currents associated with higher self intersections of plane fields 
and invariants of pairs of foliations. Mod 2 and integer umbilic currents of hypersurfaces 
can also be studied using these ideas. Details of these two applications are left to the reader. 

Secondary (Cheeger-Chern-Simons) Stiefel- Whitney classes will be introduced in a later 
paper. Canonical Lj^^ representatives of these classes will be associated to each atomic 
collection of sections of a bundle with riemannian connection. In the case of a single section 
a. the secondary Euler class is represented by the Chern-Euler potential aipt). As is discussed 
in [HLl] this potential satisfies the important equation do{a) — X ~ Div(Q:), where x is 
the Euler form and Div(Q!) the divisor of the section. If the collection v consists of more 
than one section then there is a canonical L\^^ current T{i')^ satisfying the current equation 
dT{y) = — LD(^'), which represents the appropriate secondary Stiefel- Whitney class. This 
current equation is related to a formula of Eells, [E] . 

2. Divisors and atomicity. 

Harvey and Semmes defined the zero divisor current of an atomic section of an oriented 
real rank n vector bundle over an oriented manifold. The divisor is a codimension n current 
which is supported on the zero set of the section and which encodes the integer multiplicity 
of vanishing of the section. Furthermore it is a d-closed locally integrally flat current whose 
cohomology class in H^{XjZ) is well defined independent of the choice of section. This 
class is the Euler class of the bundle. 

The aim of this section is to define and study the zero divisor current in the case in which 
neither the vector bundle nor the base manifold are assumed to be orientable. In this case 
the zero divisor is defined to be a current which is twisted by the orientation bundle of the 
vector bundle. It is also useful to define the mod 2 divisor to be the mod 2 reduction of the 
divisor. Both of these notions of divisor will be important in the study of linear dependency 
currents in Section 3. 

We begin by recalling some definitions. Let V — > X be a real rank n vector bundle over 
an AT-dimensional manifold. No orientation assumptions will be made on F or X. Let 
Ox and Ov denote the principal Z2-bundles of orientations of TX and V over X. An O- 
twisted A;- form is a section of O^Za A^T*X — > X. (Often the subscript Z2 will be dropped 
when tensoring with O.) A density is a top degree smooth O^-twisted form on X . Note 
that densities can be integrated over X. A generalized function is a continuous linear 
functional on the space of compactly supported smooth densities on X. A current of degree 
p is a differential p-form on X whose coefficients (with respect to each coordinate system) 
are generalized functions. Equivalently, a degree p current is a continuous linear functional 
on the space of compactly supported Ox -twisted (A^ — p)-forms. Similarly an Oy-twisted 
current is an Cy-twisted form whose coefficients are generalized functions, i.e. it acts 
on Ov ® Ox -twisted forms. An LJ^^. form is a form whose coefficients are Lj^^. functions. 
Therefore Ll^^ forms are currents which are not twisted. On the other hand an oriented 
compact submanifold of X defines an O^-twisted current by integrating (untwisted) forms 
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over it. Note that exterior differentiation is a well defined operation on (twisted) currents. 

On a contractable open subset U of X each Cy-twisted current T can be written in 
the form T = [e] T where [e] G Oy is the orientation class of a local frame e for V over 
U and where T is a current on U. If V is orientable each choice of orientation defines an 
isomorphism between Cy-twisted currents and currents. These two isomorphisms differ by 
a minus sign. Note that the definition of a current on a non-orientable manifold agrees with 
that given in [HL4] but disagrees with that in [Zl,2]. 

A. Divisors in the nonorientable case. 

In this subsection we define and study the divisor of a section of V ^ X. The divisor is 
defined to be an Ov^-twisted current. Note that, if V and X are oriented, the definition of 
divisor given below agrees with that of [HS] . 

The solid angle kernel, 6, is the Lj^^ form on obtained by pulling back the nor- 
malized volume form on the unit sphere to MJ^ ~ {0} by the radial projection map. The 
current equation d9 = [0] on M"', where [0] denotes the point mass at the origin, motivates 
the definition of divisor. 

Definition 2.1. Let X be a smooth manifold and let y = (yi, y„) denote coordinates on 
M". In the case n > 1 a smooth function u : X ^ M"^ is called atomic if, for each form 

on M"- with p = \I\ < n — 1, the puUback u*{j^) to X has an Ll^^{X) extension across the 
zero set Z of u. Also assume that u does not vanish identically in any connected component 
of its domain X. In the case n = 1 it is convenient to define a smooth function u : X — > M 
to be atomic if log \u\ G Ll^^{X), (c.f. [HS]). 

If u is atomic then the zero set Z has measure zero in X (see [HS]) so that the Ll^^{X) 
extensions are unique. In particular, the smooth form u*{d) on X Z has a unique L^^^^X) 
extension across Z, and therefore defines a current on X . 

Definition 2.2. Let u : X ^ M"^ be an atomic function. The divisor of u is the degree n 
current Div(w) on X defined by 

Div(«) := d{u*0). 

Atomicity is a weak condition which ensures the existence of a zero divisor. Harvey and 
Semmes proved that a large class of smooth functions are atomic. More specifically those 
functions which vanish algebraically and whose zero sets arc not too big in the sense of 
Minkowski content are atomic. In particular real analytic functions whose zero sets have 
codimension n are atomic. 

Lemma 2.3. Let g be a smooth GL^n^M.) -valued function on an oriented manifold X and 
let u : X ^ M"- be atomic. Then v :— ug is atomic and 



Div(v) = ±1 Div(M), 
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where ±1 := sgndet(^) is constant on connected components of X. 

This result of [HS] allows one to extend the notion of divisor to sections of vector bundles. 
First, a section z/ of a smooth vector bundle \^ — > X is called atomic if for each choice of 
local frame e for V the function defined hy v = ve, is atomic. 

Definition 2.4. Let v be an atomic section of a rank n bundle V ^ X. The divisor, 

Div(z/), of u is the (9y-twisted current on X defined locally on an open subset U of X 
as follows. Choose a local frame e for V over U and let f : [/ — > H." be the coordinate 
expression for u determined by e. Then 

Div(i/) := [e] (8) Div(v) on t/. 

In particular, if V is oriented, then Div(z^) is a current on X. 

As described in the Appendix the locally integrally flat currents are those currents 
which can can expressed as R + dS where R and S are locally rectifiable. Furthermore the 
complex J^j* of Oy-twisted currents on X which are locally integrally flat may be used 
to compute the cohomology, Zy), of X with integer coefficients twisted by Oy, i-e. 

Zv := Ov 

Theorem 2.5. Let v he an atomic section of a real rank n vector bundle V ^ X . The zero 
divisor, Div(z/) G J-'l^^{X), of u is an Oy-twisted d-closed locally integrally flat current of 
degree n on X , whose support is contained in the zero set of the section v . Furthermore, if 
\x is another atomic section of V , then there is an Oy -twisted locally rectifiable current R 
so that 

(2.6) Div{u) - Div(//) = dR. 

That is, the cohomology class o/ Div(z^) in H"'{X,Zv) is well defined independent of the 
choice of section v. This class is the twisted Euler class e of V . In particular, if V is 
oriented, the Euler class e e H'^{X,'E) ofV is the cohomology class o/Div(i/). 

Corollary 2.7. Suppose that v is an atomic section of an odd rank bundle V ^ X. Then 
there is an Oy -twisted locally rectifiable current R on X so that 

2 Div(zy) = dR. 

Consequently the cohomology class e e Z^/) o/Div(i/) is a torsion class of order 2, 

(c.f [MS]). 

Proof of Corollary. Since the antipodal map on the even dimensional sphere S'^~^ is ori- 
entation reversing, Div(— zv) = — Div(^'). The result now follows by applying equation 
(2.6). □ 

The proof of Theorem 2.5 relies on the following general remark. 
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Remark 2.8. Let p : X ^ X denote the double cover Oy — > X. Note that the puUback 
bundle V = p*V on X is oriented by choosing the orientation on to be the one determined 
by the point x & X . A current T on X is odd if a^T = — T, where a : X ^ X is the 
natural involution. Then odd currents on X are in 1-1 correspondence with Cy-twisted 
currents on X. 

Proof of Theorem 2.5. The proof in the case that V is oriented is given in [HS,5.1]. In the 
case that V is nonorientable lei p : X ^ X he the double cover of Remark 2.8 and let v 
denote the puUback of the section v ioV ^ X. Since V is oriented the theorem holds for the 
section v. Furthermore, by Lemma 2.3, Div(^') is an odd current on X which corresponds 
to the Oi/-twisted current Div(i/) on X. Incorporating the double cover p : X ^ X into 
the proof of [HS, 5.1] we observe that the locally rectifiable current R on X can be chosen 
to be odd. Finally we let R he the corresponding O^-twisted current on X. □ 



The following structure theorem for divisors, which is a corollary of [HS,4.3], is proved in 
[Zl]. Set Z := Zero(iy) and let 



denote the set of regular points of Z and let Sing Z := Z Reg Z denote the set of singular 
points. Let {Zj} denote the family of connected components of RegZ. 

Theorem 2.9. Let v he an atomic section ofV^X. If Zj C spt(Div(z/)), then 



and, given such an isomorphism, the suhmanifold Zj defines an Oy -twisted current [Zj] by 
integration. Furthermore, there are integers rij e Z such that 



as Ov -twisted currents on X SingZ. 

Remark 2.11. By [HS, 4.3], the integers Uj in equation (2.10) can be calculated as follows. 
Let X e Zj and let U he an open neighbourhood of a; in X. Choose orientations for V and 
TX over U. These orientations induce orientations on TZj and on the normal bundle NZj 
over U. Let p : S{V) S{M.'^) be an orientation preserving trivialization of the sphere 
bundle S{V) over U. Then, for almost all x & Zj, 



Reg Z = {x & X : Zisa codimension-n submanifold near x} 



Otz, = Ov®Ox 



(2.10) 




rij = Deg (p o : S{N^Zj) SiW")) 



is the degree of the induced map between oriented (n — l)-spheres. 
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B. Mod 2 divisors. 

In this subsection the mod 2 divisor of an atomic section is defined to be the mod 2 
reduction of the divisor of the section. The mod 2 reduction of an Ov^-twisted locaUy 
integrally flat current is a mod 2 locally integrally flat current. At the cohomology level 
mod 2 reduction is simply the natural mapping H*{X, Zy) — > H*{X, Z2). The idea behind 
the definition of a mod 2 current is to completely ignore orientation issues by declaring a 
current T and its negative — T to be the same. Although they encode less information than 
their twisted counterparts, mod 2 currents have the advantage that they pushforward under 
proper smooth maps. This fact will be particularly useful in Section 3. 

Definition 2.12. Let J^\q^{X) denote the space of locally integrally flat currents of de- 
gree p on X. Then the space T^'^'^'^{X) of mod 2 locally integrally flat currents 
of degree p on X is deflned to be the quotient !F^^^{X) /2Tf^J^X). The natural mapping 
^ioc(^) ^ is called mod 2 reduction. 

The spaces J^\oc{X) and JF™°'^^(X) are studied in the Appendix. In particular we show 
there that the complex jFj™^'^^(X) may be used to compute the cohomology, H*{X, Z2), of 
X with Z2 coefficients. In Subsection A we saw that Div(z>') e Tl^^{X) is an O^^-twisted 
locally integrally flat current. Now, by Lemma A. 13, there is a canonical isomorphism 

(2.13) ^,oc{X) / 2^,UX) = ^ir^'w- 

The induced mapping TxociX) T^°'^'^{X) is also called mod 2 reduction. 

Deflnition 2.14. The mod 2 divisor, Div°'°''^(i/) e T^°^'^{X), of an atomic section v 
of F — > X is deflned to be the mod 2 reduction of the O^^-twisted current Div(z>') e J^ioc(-^)- 

Now the mod 2 version of Theorem 2.5 is immediate. 

Theorem 2.15. Let v he an atomic section of a real rank n vector bundle V ^ X . The 
mod 2 divisor, Div"'°'^^(z^), is a d-closed mod 2 locally integrally flat current of degree n on 
X, whose support is contained in the zero set of the section v. Furthermore, if ^ is another 
atomic section of V , then there is a mod 2 locally rectifiable current R so that 

Div'"°'^'(z/) - Div™°^2(;u) = dR. 

That is, the cohomology class o/Div™°'^^(z/) in H'^{X, Z2) is well defined independent of the 
choice of section u. This class is the mod 2 Euler (or top Stief el- Whitney) class, w^, ofV. 

Remark 2.16. By definition the divisor Div(z/) G J^\oc{X) is determined by a collection 
of local divisors 'D\v{va) defined on open subsets of X. These local divisors satisfy 
T)]y{va) = ±Div('i;^) on C/^ fl Up. The mod 2 divisor Div"'°'^^(z/) is the mod 2 current 
which is naturally associated to this collection of local divisors. 
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Example 2.17. In general a current representative for a mod 2 divisor is not d-cfosed. In 

fact it is easy to construct sections v for which there are no (i-cfosed current representatives 
T G J'ioc(^) of Div"^"'^2(^)^ (though of course Div(z/) is a d-cfosed Oy-twisted current 
representative of Div™°'^^(z^)). This can be done as follows. 

Let u be an atomic section of a nontrivial real line bundle L — > X. Choose a metric on L. 
Then the divisor of v is the d-closed Oi-twisted current Div(z>') = c^(||^) £ ^lod^)- "^^^ 
mod 2 reduction of Div(^') is the mod 2 divisor Div'"°'^^(^') which represents the first Stiefel- 
Whitney class wi{L) e H^{X,Z2). A current representative T e J^ioc(^) of Bw'^°'^^{u) 
can be constructed as follows. For simplicity we assume that is a regular value of u. 
Let Z = Zero(z/). Choose an auxiliary section |U of L ^ X so that W = Zero{p) is a 
submanifold which is transverse to Z. Let p : X ^ X he the double cover orienting L and 
let iv, : X — > R be the puUbacks of the sections v, ji. Set X'-— '^\ - Now x Div(z/) G !Fl^^{X) 
is well defined and T := |p*(x E)iv(?')) G J^l^^{X) is a current on X whose mod 2 reduction 
is Div™°'^^(zy). Finally cZT = 2 [Z n W^] 7^ on X. 

Next suppose that S = T — 2R is a current representative of Div™°'^^(i^) for which dS = 0. 
This forces [Z fl W] = dR to be zero in H^{X, Z). But this is not always the possible, since 
if L — ^ MP"^ is the tautological line bundle then [Z n W] can be chosen to be the generator 
MPI of H^{X, Z) = Hi{X, Z) = Z2. 

3. Linear dependency currents. 

In this section we associate to each atomic collection u of n — q+1 sections of a real rank 
n bundle F — > X a degree q current on X which is supported on the linear dependency set 
of the collection of sections. This current will be called the linear dependency current 
of the collection 1/. In all cases the linear dependency current exists as a mod 2 current. 
However, in the case where q is odd or where g = n, it can also be defined to be an 
twisted current. Note that if q = n the linear dependency current is simply the divisor of 
the section (see Section 2). Henceforth we assume that q < n. 

The linear dependency currents are defined using the construction of such currents in 
[HL3] which we now briefiy recall. Let F — > X be a real rank n vector bundle. Fix 
q G {1, 2, n — 1} and let u — {ui, z^m) be a collection of m = n — g + l>l sections 
of F X. (Such collections will always be ordered.) These sections define a bundle 

m 

map v : M™" — F by z/(ti, tm) '■= Yl ^i^i which drops rank on the set where z/i, z/^ are 

i=l 

linearly dependent. Let tt : P(R"^) X denote the trivial bundle of (m— l)-dimensional real 
projective spaces and let U C M.'" be the tautological line bundle over P(M.'^). Using tt to pull 
back the bundle map v -.^ ^ F to P(M"") and then restricting to the subbundle ?7 C M"" 
we obtain an induced section v of the bundle H := Hom(t/, 7r*F) over F{W^) = P(M^) xX. 
By construction the projection by tt to X of the zero set of ly is the linear dependency set 

of Ui, ...,Urn- 

Definition 3.1. The collection u of sections zvi, is called atomic if the induced sec- 
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tion V oiH ^ f>{W^) is atomic. 

If the collection u is atomic, then the O/f^twisted divisor current, Div(z?), and its mod 2 
reduction, Div™° '^{y), are well defined. The linear dependency current is defined to be the 
current pushforward of Div'"°*^^(z/), or whenever possible the pushforward of 'Diy{y). 

Generally speaking it is not possible to pushforward twisted currents on P(M'^) x X 
to X by the projection tt. However the pushforward by tt of an Cp(]Rm-) ® 7r*CF-twisted 
current on P(M"^) x X is well defined and is an (9i?-twisted current on X. This observation 
together with the following elementary lemma will be used to determine when it is possible 
to pushforward the O// -twisted current Div(E'). 

Lemma 3.2. If n = m mod 2 then there is a canonical isomorphism 

Oh = Op(M-) «)7r*e)F. 

Proof. First recall that if V and W are oriented finite dimensional vector spaces then there 
is a canonical choice of orientation on V(E)W. Furthermore if the dimension of W is even this 
choice is independent of the orientation on V and so there is a canonical isomorphism Ow — 
Ov®w- The canonical choice of orientation onV ®W is defined as follows. Choose ordered 
bases v = (vi, ...Vp) and w = (wi, Wq) for V and W . Then the canonical orientation on 
V ®W is given by the ordered basis 

(3.3) V®W = {vi<^Wi,V2<^Wi,...,Vp<^Wi,Vi®W2,...Vp®W2,...,Vp<^Wq). 

Secondly recall [MS] that there is a canonical vector bundle isomorphism U* ® JJ-^ = 
TP(]R"^), where C/-*- denotes the orthogonal complement of U in M.'". 

So if n and m are both even, then the result is true since there are canonical isomorphisms 
Oh — Ot^*f (as n is even) and Opj-jjm) = 0[/*,g,[/^ = M. Here the last isomorphism is well 
defined by sending [u* ® u"*"] to 1, where u"*" is chosen so that (u, u"*") is a positively oriented 
frame for U = W^. Similarly if n and m are both odd then Oh = Ou* <S> O^,* p and 

since m — 1 is even Ou* — Ou*^ui. = Op(K'")) as required. □ 

A. Linear dependency currents (q odd). 

Throughout this subsection we assume that g < n is odd and hence m = n (mod 2). 
Then, by Lemma 3.2, the pushforward by tt of the O^f^m.^ 7r*Oi?-twisted current Div(^') 
on P(]R"^) X X exists and is an O^-twisted current on X. 

Definition 3.4. Let q be odd. The linear dependency current, LD(z/), of an atomic 
collection u oi n — q + 1 sections of F — > X is the Oi?-twisted current on X defined by 

LD(zy) :=7r*(Div(i7)). 
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Remark 3.5. The following equivalent definition of the linear dependency current is often 
useful, especially when n and m are both odd as in this case the fibres Hom(?7, F^) and 
P(R.™')2: are nonorientable. Let p : 5'(M.™') — > P(R™') be the double cover by the unit sphere 
and let p := TT o p : S{W^) X. Let NS{W^) denote the normal bundle to S{W^) in 
M"^, with its canonical orientation. Then, as above, there is associated to the collection v 
a section v of the bundle H := YLom.{NS{W^), p*F) over S(^). Note that the sections v 
and V are simultaneously atomic. As above there is a canonical isomorphism = p*Of- 
Consequently Div(9') is a well defined p*(9i?-twisted current on S{W^). Then, if q is odd, 
we have that 

(3.6) LD(zy) = |p*(Div(P)). 

We verify (3.6) as follows. First note that H = p*H and that V = p*u. Since n = m 
(mod 2), the p*Oi?-twisted current Div(p*^') is even in that 

a*Div(p*?) = Biv{p*u) on^d"'), 

where a : S{M^) — > S{W^) is the antipodal map. Now even currents on S{M^) are in 1-1 
correspondence with (!?p(Rm)-twisted currents on P(M"^). In particular, if q is odd, 

DiY{u) = Ip4Dw{p*p)) onP(R"'). 

This fact immediately implies (3.6). Note that, if q is even, then Div{p*u) is an odd twisted 
current on S{W^) and so its current pushforward is zero. In general odd currents on S{MJ^) 
are in 1-1 correspondence with Ou Op(Km) -twisted currents on P(M'"), see [Z2]. 

The following result generalizes Theorem 2.5. 

Theorem 3.7. Let F ^ X be a real rank n bundle and let q be odd. For each atomic 
collection v of n — q+1 sections of F ^ X the linear dependency current LD(j^) is an Op- 
twisted d-closed locally integrally fiat current of degree q on X whose support is contained in 
the linear dependency set of the collection of sections. Furthermore, if /i is another atomic 
collection of sections of F ^ X, then there is an Op -twisted locally rectifiable current R so 
that 

LD(z/) - LD(;u) = dR. 

That is, the cohomology class o/ LD(z^) in H'^{X,Zf) is well defined independent of the 
choice of sections. 

Proof. Since the pushforward of a locally rectifiable current is locally rectifiable the current 
LD(z^) inherits its properties from those of the divisor of the induced section z? (see Theorem 
2.5). □ 
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Note. In the next section the cohomology class of LD(zy) is shown to be Wq G H'^{X, Zp), 
the (twisted) integer Stiefel-Whitney class of F, whose mod 2 reduction is the standard 
Stiefel-Whitney class Wq e Hi{X, Z2) of F. 

Proposition 3.8. Let v : ^ F be as above and let if) : ^ W and if : F ^ F 

be bundle isomorphisms. Then the collection of sections corresponding to the bundle map 
if o ly o i/; : M™" ^ F is also atomic. Furthermore, if q is odd, 

L'D{(p o u o ip) = sgndet(V') sgndet(<^) LD(i/), 

as Op -twisted currents on X. 

The proof of the proposition will be given at the end of this subsection. The following 
result generalizes Corollary 2.7. 

Corollary 3.9. Under the same hypothesis as in Theorem 3.7, with q < n, there is an 
Of -twisted locally rectifiable current R on X so that 

2LT){u) = dR. 

Consequently the cohomology class Wq o/LD(i/) in H'^{X,Zf) is a torsion class of order 2. 

Proof of Corollary. Define V : M"" ^ R"" by •••,^m) = (-^1,^2, -,tm) and let n := 
z/ o tfj. Then, by Proposition 3.8, LD(|u) = — LD(z/). The result now follows from Theorem 
3.7. For an alternate proof see Theorem 4.10. □ 

Next we study the case q=lhi more detail. 

Remark 3.10. Let := Op ^ denote the orientation line bundle of F. The divisor 
Div(a") '^(^i^) of atomic section a of Cf. is called the orientation current of F 
associated with a. Note that Div((T) is an (!?i?-twisted current whose cohomology class in 
H\X,Zf) is Wi. 

To each collection u of n sections of a rank n bundle F there is an associated section a 
of O^ well defined as follows. Choose a local frame / for F and let A be the matrix defined 
by = Af. Then a := [/] det A. 

Proposition 3.11. The case q = 1. Let v be an atomic collection of n sections of a rank 
n bundle F. Suppose that the associated section a of O^ is also atomic. Then 

LD(zy) = Div(cT) 

as Op -twisted currents on X . 

Proof. Choose a local frame / for F and define ^ by = Af. Then the local expression for 
the induced section V oi p : Hom(7V5(R^), ^ SiW") is the mapping i/; : X x S{W) 
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defined hy ^|J{x,y) = yA(x). Let 9 denote the normafized sofid angle kernel on R". Now, 
by the Change of Variables and Stokes' Theorems, 

/det A(x) 
ih*9 = — -V4t for each a; ^ Zero(detyl). 
^ |detA(a;)| ^ ^ ^ 

This implies the Proposition since Div(cr) = [f]<^d ^| |detl| ) andLD(zy) = [f]<^lp^{dilj*6)). 

□ 

Proof of Proposition 3.8. By (3.6) it suffices to show that 

(3.12) Div(^^) = sgndet((/p) Div(z7) on 5(1"") 
and, if q is odd, that 

(3.13) **Div(i7^) = sgndet(V') Div(i?), on 5(1""), 

where ^ : S{W^) — > S'(M."^) is the diffeomorphism induced by ip. Now since ifol) = 
(pod, (3.12) follows from Lemma 2.3. To prove (3.13) let fj, = v o ip and note that the 
puUback of the section z7 of # by * is a section ^'*z? of = Hom(**ArS'(R'^), p*F). Let 
iP* : Rorni^* NS{W^),p*F) Rom{NS{W^), p*F) be the bundle isomorphism defined by 
ilj*{a) := aoi/;. Then 

Clearly u, and /2 are simultaneously atomic. Since equation (3.13) is local on X we 
can assume that F and X are oriented. Then 12 and u are sections of the oriented bundle 
H over the oriented manifold S{MJ^). Furthermore since q is odd the orientation induced 
on '^*H by the difi^eomorphism is the same as that induced by the bundle isomorphism 
V'*. Equation (3.13) now follows immediately by applying Lemma 2.3 to the Change of 
Variables Theorem to and noting that sgndet(D^') = sgndet(V'). □ 

B. Mod 2 linear dependency currents. 

Since mod 2 currents can always be pushed forward by proper maps we can define the 
mod 2 linear dependency current for an even as well as an odd number of sections. 

Definition 3.14. Suppose 1 < q < n. The mod 2 linear dependency current, 

LD™°'^^(z^), of an atomic collection uoim — n — q + 1 sections oi F ^ X is defined 
to be the current pushforward of the mod 2 divisor of the induced section v oi H ^ P(R"^), 

LDmod2(^) := 7r.(Div™°'^^(i7)). 
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Note. If q is odd or q = n the mod 2 linear dependency current, LD™°'^^(z>'), is the mod 2 
reduction of the Oi?-twisted hnear dependency current, LD(^'). 



The mod 2 analogues of Theorem 3.7 and Proposition 3.8 hold. In particular 

Theorem 3.15. For each atomic collection v of n — q + 1 sections of a real rank n bundle 
F — > X the linear dependency current LD™°'^^(z/) is a d-closed mod 2 locally integrally fiat 
current of degree q on X whose support is contained in the linear dependency set of the 
collection of sections. Furthermore, if /i is another atomic collection of sections of F ^ X, 
then there is a mod 2 locally rectifiable current R so that 

That is, the cohomology class o/LD"^°'^^(i/) in Z2) is well defined independent of the 

choice of sections. 

Note. In the next section the cohomology class of LD"^°'^^(i/) is shown to be Wq{F) e 
Hi{X,Z2), the qth Steifel-Whitney class of F. 

C. The structure of linear dependency currents. 

The following result concerning the structure of the twisted linear dependency current 
builds on Proposition 2.8 of [HL] and Theorem 2.9 above. Let q be odd and let v be an 
atomic collection ofm = n — q+1 sections of F — > X. Suppose that the zero set, Z{u), of 
u is a smooth submanifold of P(M'^) x X. Let {Zj} denote the connected components of 
Z{u). Then, by Theorem 2.9, there are integers nj e Z so that 

(3.16) Biv{u) = Y.^'AZj] 

as Op(Rr,^) ® 7r*OF-twisted currents on By [HL, 2.8], the subset 

RKm_i{u) := {x E X : ranki^a; — m — 1} 

of the linear dependency set of is a locally rectifiable set. Let RKj := n7r(Zj ). 

If Uj ^ then 

(wherever it makes sense) and, given an isomorphism of these two bundles, RKj defines an 
C^-twisted current \RKj\ by integration. Arguing as in the proof of [HL, 2.8] it follows 
that 7r*[Zj] = \RKj\. Consequently we have the following 

Proposition 3.17. Let v he as above. Then 

LU{u) = J]n,[i?K,] 

as Op -twisted currents on X, where the integers rij are given by (3.16). 

Next we examine the structure of the twisted and mod 2 linear dependency currents in 
the case that m — 1 of the m sections are everywhere linearly independent. 
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Theorem 3.18. Let //i, /iffi be a collection ofm — n — q + 1 sections of F — > X. Suppose 

that are everywhere linearly independent. Choose a metric on F and let 

denote the projection of Hm onto the orthogonal complement o//Ui, ...,Hm-i in F. Then 
is atomic if and only if the induced section fi of H ^ P(M™') is atomic. Furthermore, if q 
is odd, then 

(3.19) LD(//) = Div(/x^) as Op-twisted currents on X, 
and, for any q, 

(3.20) LD™°<^2(//) = Div"'°'^2(//4) as mod 2 currents on X. 

Proof. We present the proof in the twisted case. The mod 2 case follows similarly. The first 
step is to choose local coordinates and frames and to relate the local coordinate expression 
for the induced section Jl of H ^ X x P(M"^) to that of the section //;^. 

First note that the linear dependency set of //i, ...fXm is equal to the zero set Z{ii^) of 
jjL^. Fix a point xq G Z^jj,^) and let W be a sufficiently small open neighbourhood of xq 
in X. Choosing orientations for TX and F over U we can regard LD(/i) and Div(/x4) as 
currents on U. Now, since //i, Hm-i are linearly independent, there is precisely one point 
X of the zero set Z{Ji) of /i in X x P(R™) lying over each point x of Z{n:^) in X. Let 
W C 7r~^(W) be a sufficiently small open neighbourhood of in X x P(M'^) which contains 
Z(/I)n7r-i(W). 

Choose the coordinate chart ip : ¥{W^) defined by ^jJ{s) = [s, 1] and the local 

frame u for U ^ P(R^) over i/;{W^-'^) defined by u{s) = (s, 1) e U[s,i] C W^. Note 
that the orientations induced on TP(]R"^) and U hj ifj and u are compatible and that 
W C ?/'(M"^~^) X U since Hm-i are linearly independent on U. Also note that the 

orientations on U and F induce a natural orientation on H over W. 

Choose a positively oriented local frame /i,...,/^ for F over U so that fi = Hi for 
1 <i <m — 1 and /i± Span{/i, /m-i} for z > m — 1. Define : ^ IR by 

n 

^^m = Y.-^f^. 

i=l 

Let a' = (ai, Om-i) and a" = (a^,, On)- 

Then the local coordinate expression for /j,;^ in terms of the local frame fm, fn is 
a" :U ^ and the coordinate expression for Ji in terms of the frames u, f is (a", s + a') : 
U X M"^"^ — > W^. These two coordinate expressions can be related as follows. Let \1/ : W x 
]^m-i _^ ^ X R"^"! be the orientation preserving change of variables '^{x^ s) = {x,s + a'{x)) 
and let Id : M"^-^ R'^'^ denote the identity map. Then 

(a", s + a') = {a" x Id) o 

By the Change of Variables Theorem and Lemma 3.21 below it follows that 7r*(Div(/I)) = 
Div(//;^) as required. □ 

The following elementary fact about divisors is included for the sake of completeness. 
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Lemma 3.21. Let X be an oriented manifold and / : X — > a smooth map. Let Id : 

— » R"^ be the identity map and let n : X x X denote projection onto X . Then 

f is atomic if and only if f x Id is atomic. Furthermore, if X x M™" is given the induced 
orientation, then 

7r.(Div(/xId)) = Div(/). 

Proof. By induction we may assume that m — 1. Let t denote the coordinate on M. First, 
e ^ioc(^ X M) for p = |/| < n - 1 iff fog \v\ e Ll^^{X) in case = 0, and iff 

iTfF ^ -^ioc(^) p > 0. This is because 



R/\f\ 

dt 2 r ds 



\t\<R 

Of course \(^^^f^^p is dominated by -jyi^. Consequentfy / x Id is atomic if and oniy if / is 
atomic. 

Let 9n denote the normalized solid angle kernel on R", and recall that Div(/) = d{f*On) 
where d is exterior differentiation of generalized forms. Let dS denote the boundary of a 
current 5'. Then dS = {—l)''~^^dS, where k = degS. Consequently ir^d = —dir^. Therefore 
it suffices to show that 

((/ X id)*0^+i) = -r^,. 

Let ujn = Vol(5"-i) and A(/) = dfi A ... A df^. Then 

Now, since the pushforward of (/ x Id)*^„+i by tt is equal to the integral of (/ x Id)*^„+i 
over the fibres of tt. 



r/2 



as required. □ 

4. Stiefel— Whitney currents. 

The purpose of this section is to identify the cohomology class of a linear dependency 
current. First we consider the mod 2 case, and recall from Example 10 of the Appendix 
that Z2 cohomology can be computed using mod 2 integrally flat currents, J^°^'^{X). 
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Theorem 4.1. Given an atomic collection ui, u^^ ofm = n — q+1 sections of a real rank 
n vector bundle F over X the mod 2 linear dependency current LD™°'^^(i/) e !F^°'^^[X) 
represents the qth Stief el-Whitney class Wq{F) e Z2). 

Before proving this result we note that the analogue of a theorem of Bott for complex 
vector bundles and Chern classes is valid for real vector bundles and St iefel- Whitney classes. 
Let w{E) :— 1 + wi{E) + ... + Wm{E) denote the total Stiefel- Whitney class of a real rank 
m bundle E over X. Let U denote the universal line bundle on the projectivization P(-E'), 
and let a := wi{U) e H^{F{E),Z2) denote the first Stiefel-Whitney class of U on ¥{E). Let 
TT : ¥{E) X denote the natural projection, and let tt* : iy«+^-i(P(E), Z2) Hi{X,Z2) 
denote the induced map. 

Lemma 4.2. 

TT, ((1 + a)-^) = w{E)-\ 

Proof. Choose an inner product for E. Let E denote the puUback of the bundle E to P(-E'), 
and let C/"*" denote the orthogonal bundle to U C E. The product formula for Stiefel- 
Whitney classes implies that 

(4.3) w(E) = w{U)w{U^) 
so that 

(4.4) w{U)-^ = w{^)-^w{U^). 
Since the fibre dimension of P(£') is m — 1, 

(4.5) TT^{wj{U^)) = if j < m - L 
Therefore, tt^{w{U-^)) — Ti^{wm-i{U-^)). It remains to show that 

(4.6) TT,{wm-i{U^)) = 1. 

First note that H^{X, Z2) = Z2 for X connected. One can verify (4.6) by choosing a section 
a of JJ-^ and computing that 7r^<(Div(a)) 7^ mod 2. (Note that Div(Q;) represents the mod 
2 Euler class of C/-*- which is equal to the top Stiefel-Whitney class, Wm-i{U-^).) 

An alternate proof of (4.6) can be given as follows. Equations (4.4) and (4.5) imply that 
TT^,{wm-i{U-^)) = 7r*(a'^~-'^). Using the standard fact that if a is the nonzero element of 
ifi(P(M"^),Z2) then a^"^ is the non-zero element of i?"^-^(P(]R'^), Z2) we conclude that 
7r,(a"^-i) = L □ 

We only need Lemma 4.2 in the special case that E = R."* is trivial. 
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Corollary 4.7. Consider the tautological line bundle U on P(R.'^). Then 

MMU)y = ifj^m-1 

and 

7r*K(f/)r-i = 1. 

Proof of Theorem 4- 1- As in Section 3, let f : M"^ —>■ F denote the bundle map corresponding 
to the sections z^i, I'm- Let v : M"^ — > F denote the puUback of u to the projectivization 
P(R."^). Let u denote the restriction of u to the tautological line bundle U C M™". Then, 
considering Div™°'^2(^^) G as a mod 2 current, the linear dependency current 

is defined to be the current pushforward 

Now, by Remark 2.17, the mod 2 divisor Div™°'^^(z/) represents the top Stiefel- Whitney 
class of H := Hom(t/, F) over P(R'^). The standard formula for the Stiefel- Whitney classes 
of a tensor product (see [MS]) says that 

n 

So, by Corollary 4.7, 7r*(w„(i/)) = Wn-m+i{.F)- Therefore LD™°'^^(zy) represents Wq{F) as 
desired. □ 

Now we consider the case that q is odd and identify the cohomology class of the 
twisted current LD(^') e ^ioc{X) in H'^{X, Z), where Z = := Op (E)Z2 ^- Consider the 

— 2 — 

short exact triple 0— >Z— >Z^Z2^0 and the induced long exact sequence 

(4.8) > H'i-\X, Z2) ^ H%X, Z) ^ iy''(X, Z) ^ if«(X, Z2) ^ . . . . 

Define the qih Z-Stiefel- Whitney class Wq e H'i{X, Z) to be the Bockstein of lUq-i, 

(4.9) Wq:^(3{Wq-l). 

Recall from Example 7 of the Appendix that Z-cohomology can be computed using Ci?- 
twisted integrally flat currents, J^ioc(-^)- 

Theorem 4.10. (q odd). Given an atomic collection v ofm = n — q+l sections of a real 
vector bundle F ^ X the linear dependency current LD(z>') represents the qth 'Z-Stief el- 
Whitney class, Wq{F) e H'^{X,Z), of the bundle F. Moreover, the mod 2 reduction of Wq 

equals Wq, i.e. p{Wq) = Wq. Hence Sq := po p maps Wq-i to Wq for q odd. 

Proof. A representative for Wq(F) can be computed as follows. Choose an atomic collection 
fi = (fii, p,rn+i) ofm + l = m — (q — + 1 sections. By Theorem 4.1, the mod 2 linear 
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dependency current LD™°'*^(//) e ^i™c*^^(-^) represents the {q-l)th Stiefel- Whitney class 
Wq-i{F) e H'i~^{X, 2,2). Choose an Oir-twisted current representative T e T\oc{X) of the 
mod 2 current LD™°'^^(/x). Then, by the definition of /?, the current ^dT represents Wq{F). 

Suppose that the subcoUection r] = (/Ui, iij^) is atomic and that satisfies two addi- 
tional assumptions described below. Then it is possible to choose T so that 

(4.11) \dT = LD(?7) onX. 

Consequently LD(?7) represents Wq{F). The Theorem now follows from Theorem 3.7. Also 
note that, since the mod 2 reduction of LD(r7) is LD™°'^^(r7), Theorem 4.1 implies that 

P{Wq) = Wq. 

The (9i?-twisted current T representing LD™°'^^(|u) can be chosen as follows. Firstly, if 
q = 1 define T to be the Op'-twisted generalized function T := j^, where a is the section 

of Cf. associated to rj (c.f. Remark 3.10). In this case (4.11) is simply a restatement 
of Proposition 3.11. Secondly, if g > 1 is odd, T is defined as follows. Let Ji be the 
induced section of the rank n bundle H = Hom ( ATS' (!""+ ^ ), p*F) over 5(1"*+^). Embed 
^ ^m+i = ^ ^ ^ Coordinate on R. Set x := ^ e L^^{SiW^+^)) 

and let p : S{W^^^) P(R"'+^) and n : P(R"'+^) X denote the projection maps. 
Assume that the current Div(|u) on 5'(R."^^^) has locally finite mass. Then Div(/i) is an 
odd locally rectifiable Op-twisted current on 5'(M"^) and so xDiv(/i) is a well defined even 
OiT'-twisted fiat current on 5'(R.™'^^). Let T := ^^^.(x Div(/i)) be the corresponding Opj-jjm)- 
twisted current on P(M"^''~^). Since the mod 2 reduction of T is Div™°'^^(/I) its pushforward 
T := 7r*T is an C^^-twisted current on X whose mod 2 reduction is Div™°'^ ^ (//) . 

Next we verify that equation (4.11) holds for this choice of T. Suppose that the codi- 
mension n — 1 Hausdorff measure of Zero(^) is zero. Then, since rf = fi \s(^-Rmy Lemma 4.12 
below implies that 

d(xDiv(/2)) = 2i*Div(?7) onS'(l"'+^), 

where i : S{W^) ^ S{W^+^) is the inclusion map. Finally, by (3.6), this equation pushes 
forward to give equation (4.11) on X. □ 

Lemma 4.12. Let u : X x R ^ be atomic and suppose that Div(w) has locally finite 
mass. Suppose that the function v : X —>■ MJ^ defined by v{x) — u{x, 0) is atomic and that the 
codimension n—1 Hausdorff measure of Zero(v) in X is zero. Let t denote the coordinate 
on ]R and define i : X ^ X x W by i{x) = (x, 0). Then 

(4.13) d(^^Div(u)) = 2i*Div(w) onXxR. 

Proof. Let 9 denote the solid angle kernel on M". First note that, since i^d — — di^., equation 
(4.13) is the exterior derivative of the degree n current equation 

d{^-^^u*e^ = ^ Div('u) + 2i^{v*e) onXxK. 
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To verify this equation we argue as follows. Firstly, the equation holds on (X x M) ~ 
(Zero(t') X {0}) since it is true if t 7^ 0, and if t = and x ^ Zero(i;) then d{^^u*9) = 
2[X]u*9 — 2i^{v*6). Finally, since the codiniension n Hausdorff measure of Zcro(i;) in 
X X M is zero, the Federer Support Theorem for flat currents implies that the equation 
holds on all of X x R. □ 

Remark 4.14. Non— inject ivity currents. Let m — rkE<rkF — n and set q = 
n — m+1. In this remark we study the non-injectivity current of a bundle map v : E ^ F. 
This is a degree q current which is supported on the set of points of X over which the 
bundle map p fails to be injective. The mod 2 non-injectivity current, D™^'^^(z/), is defined 
by replacing M"^ by E in Definition 3.14. The analogue of Remark 3.15 holds for D™j"^^(z/). 
Furthermore, the cohomology class of D^^'^^(z^) in H'^{X, Z2) is {w{F) w{E)~^}q, the degree 
q part of w{F) w{E)^^. 

If q is odd the non-injectivity current, Dni(^'), is defined as in Definition 3.4. (Note 
that, in the case that g = n is odd, the current Dni(z^) is simply the divisor of the induced 
section of Hom(£', F) X.) This current is an Oe ® (9i?-twisted current on X. The 
analogues of all the results of Section 3A hold for Dni(z^). Furthermore the cohomology 
class of Dni(z^) in Hi{X, Ze(bf) is (3 {{w{F)w{E)-^}q_i), the Bockstein of the de gree q — 1 
part of w{F)w{E)-^. 

5. Obstruction currents. 

The Stiefel- Whitney classes were originally defined (see [S], [W]) as obstruction classes. 
The gth obstruction class of a real rank n vector bundle F X is a cohomology class 
which is the obstruction to the existence of a collection of n — g + 1 linearly independent 
sections of F over the g-skeleton of a cell decomposition of X. It is defined to be the coho- 
mology class of a certain obstruction g-cocycle which is associated to each suitable collection 
of n — g + 1 sections of -F. If this obstruction co cycle is defined for an atomic collection of 
sections, then, by Poincare duality, there is also defined a canonical obstruction current 
on X . The aim of this section is to show that this obstruction current is equal to the linear 
dependency current of this special collection of sections. 

We begin by recalling the definition of the obstruction cocycle as given by Steenrod, 
[St]. Fix g G {l,...,n}. Let Vn-q+i{F) X he the bundle whose fibre over x & X is 
the Stiefel manifold consisting of all {n — q + l)-tuplcs of linearly independent vectors of 
Fj:. Choose a smooth locally finite simplicial decomposition K of X and let K' be the 
first bary centric subdivision of K. Each barycentrically subdivided g-simplex, a'^, of K is a, 
simplicial subcomplex of K'. In fact, since it is diffeomorphic to a g-ball, is a g-cell. If 
g is odd or q — n, choose an orientation on each cell. The collection of such (oriented) cells 
forms a cellular subdivision Ka of K' . Since -KiiVn-qj^iiW^)) = for alH < g — 1 there is a 
section r] of l^_q_|_i(F) over the (g — l)-skeleton K^~^ of Ka- 



Now 




if g is odd or g = n 
if g is even and q < n. 
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Consequently there is no guarantee that rj will extend to a section of Vn-q+i{F) over the q- 
skeleton K^. Steenrod defines a twisted (or mod 2) cellular g-cochain, Wq{r]), which is zero 
iff 1] can be extended over K^. Fix a point Xa in each g-cell a*^ of K^. The cochain Wq{r]) 
assigns an element Wq{r]){a'^) of TTq-i{Vn-q+i{Fx^)) to each g-cell a^. It is defined as follows. 
Choose a trivialization of F over and let ijj : Vn-q+i{F) Vn-q+i{Fx^) be the induced 
map. Then w'^ [r]) {a'^) is defined to be the homotopy class of ip o r] : da'^ — > Vn-q+i{Fx^). 
This class is well defined independent of the choice of trivialization of F. Steenrod shows 
that Wqij]) is a cocycle whose cohomology class in W^^X^-Kq-iiVn-q+i^F))) is well defined 
independent of the choice of section rj. By definition this class is the gth obstruction class 
of F. In keeping with the notation of Section 4 the qih obstruction class will be denoted by 
Wq{F) when q is even and by Wq{F) when q is odd. 

In summary, if q is odd or g = n (resp. q is even and q < n) Steenrod associates a 
7rq_i(Vn-Q+i(-f^))^twisted cochain (resp. mod 2 cochain), Wq{r]), to each section rj of the 
Stiefel bundle Vn-q+i{F) — K^~^. On the other hand, in Section 3 we associated the 
Oi?-twisted current LD(z/) (resp. mod 2 current LD™°'^^(z/)) to a collection of n — g + 1 
sections of the vector bundle F — > X. Our goal is to relate these two constructions. We 
begin by considering the case that q is odd or q = n. 

The case that q is odd or q = n. 

First note that there is a bundle isomorphism 

defined, in terms of a generator [a] of 7rq_i(Fn_q_|_i(M")), as follows. (See [St, 25. 6] for a 
definition of the homotopy generator [a].) Fix x E X and let r] : S'^~^ — > Vn-q+i{Fj;) 
represent an element of 'Kq-i{Vn-q+i{F))j:- For each frame / of Fx we obtain a map ip : 
Vn-q+i{Fx) ^ K-g+i(M"). Define A G Z by [i^ o ry] = A[a] in 7rg_iK-9+i(ffi") and let [/] 
denote the orientation class of the frame / in Op. Then (fi{'r]) is defined to be the class of 
([/], A) in Zi?. (Recall that Zp is the space of orbits of the Z2-action p([/]. A) = (—[/], —A) 
on Of X Z.) 

Let N = dimX. Now there is a dual cellular decomposition Ki, of K' characterized by 
the fact that to each g-cell of Ka there is a unique (TV — g)-cell, 6^"*^, of Kf, so that 
the dual of each face of a'^ has b^~'^ as a face. Choose an orientation on each cell of Ki). 
Note that the intersection of a cell and its dual is the common centrepoint of both cells and 
that cells and b^~'^ which are not dual to each other do not intersect. Therefore the 
{q — l)-cells of Ka do not intersect the (A^ — g)-cells of Ki,. 

Using the fact that 'Ki{Vn-q+i{M.'^)) = for i < g — 1 we can construct smooth sections 
z/i, z/n ofV X so that for each g G {1, n} the linear dependency set of z/i, Un-q+i 
is a cellular subcomplex K^~'^{v) of K^~'^ . Note that I'l, Vn-q+i define a section rj of 

K-,+i(i^)overirr'- 

Now the cohomology group H*{X,Zf) can be computed using the smooth Op Ox- 
twisted infinite integral dual cellular chain complex. The {N — g)-dimensional chains of this 
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complex are formal infinite combinations of the form ^ ^ where the are Op^Ox- 

i 

twisted integers and the h^~'^ are the oriented (A^ — Q)-cells of Ki,. Our intermediate goal 
is to associate to the cocycle Wq{r]) (defined by the collection of sections ...^Vn-q+i) 
an Op ® Cx-twisted integral cellular [N — g)-cycle, WN-q{i^), which represents Wq{F) e 
H'^{X-^1jf). It is defined as follows. First let and h^~^ be oriented dual cells and 
set {x} :— a'^ n b^~'^. Let [a, 6] denote the local section of Ox — > b^~'^ induced by the 
decomposition T^X ^ T^a^ © T^b^-i. Then 

(5.1) «;^_,(^.):=5;]A,6f-^ 

3 

where the sum is taken over the cells b^~'^ of the linear dependency subcomplex K^~'^{v) 
of z^i, Vn-q+ii and where \j is the Op ® Cx~twisted integer 

A, := [alb^-'^]®v{w\r^){a])). 

That is, WN-q{i^) is the Poincare dual of w'^{rj). 

Since an Ox -twisted smooth oriented cellular chain defines a locally rectifiable current 
the twisted cellular cycle WN-q{u) defines an Oi?-twisted locally integrally fiat current 
on X, which we also denote by WN-q{u). Now, by [HS,3.2], we can choose the sections 
1^1, zv^-q+i so that the induced section v oi H ^ P(R'^) is atomic. Then we have the 
following result. 

Theorem 5.2. For the collection of sections i^i, ...,Vn-q+i described above, 

as Op -twisted locally integrally flat currents on X. Consequently, the obstruction class 
Wq{F) e H'^{X,'Lf) is the cohomology class o/LD(z>'). 

Proof. Let m = n — q + 1. By construction ui, Um-i are linearly independent sections of 

over X ~ K^~'^~^. Let denote the oriented span of ui, Um-i over X ~ K^^ 

and let denote the orthogonal complement of E'^~^ in F with respect to some metric 
on F. Let denote the orthogonal projection of fm onto over X ~ KI;~'^~. Now we 
can choose ui, ...jiy^^i so that the section is atomic. Then we have the following 

Lemma 5.3. 

WN-q{i^) = Div(z^^) over X ^ K^~'^~^ . 

Proof of Lemma. To prove the lemma we need to calculate each twisted integer Xj of equa- 
tion (5.1) in terms of the degree of a certain map between (g- — l)-spheres. This was done by 
Halperin and Toledo [HT] as follows. Since ^q disjoint the bundle is 
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defined over the q'-cell a|. Choose a triviahzation p : — > of over a^. This induces 
an orientation on — > Let [/] denote the induced orientation on F = © G^ over 

a^. Then 

A, = [a?,&f-'']®[/]n, 
where is the degree of the induced map between oriented (q — l)-spheres, 

nj := Deg (p o : da] ^ 5(M'')) . 

The lemma now follows from Theorem 2.9 and Remark 2.11. □ 
Completion of the proof of Theorem 5.2. By Theorem 3.18 and Lemma 5.3 

WN-q{i^) = LD(i/) over X ~ K^~^~^ . 

Let S :— WN-qiy) — LD(z^). Then 5 is a flat current of dimension N — q which is supported 
on the N — q — 1 dimensional submanifold K^~^~^ . So, by the Federer Support Theorem 
for fiat currents, [F], 5' = on X, as required. □ 

The case that q is even and q < n. 

In the case that q is even and q < n the obstruction class, Wq{F), is an element of 
H'^{X,Z,2). Now the cohomology group H'i{X,Z,2) can be computed using the smooth 
infinite mod 2 dual cellular chain complex. The (A^ — g)-dimensional chains of this complex 
are formal infinite combinations of the form ^ Xj bj ~^ where Xj G Z2 and the bj are the 
(unoriented) (A^ — -cells of K},. 

Just as in the case described above we construct sections ui, ...Un-q+i of F and a mod 2 
cellular (AT — q')-cycle, w^°^^^{i') = ^ Xj bj which is supported on the linear dependency 
set of ...Un-q+i and which represents the obstruction class Wq{F) G Z2). This 

cycle defines a mod 2 locally integrally fiat current in the obvious way. Arguing as in the 
proof of Theorem 5.2 we have the following 

Theorem 5.4. For the collection of sections vi, ...,iyn-q+i described above, 

as mod 2 locally integrally fiat currents on X. Consequently, the obstruction class Wq{F) G 
H'i{X,Z2) is the cohomology class o/LD^^'^^i^i/). 

Remark 5.5. Obstructions to injective bundle maps. The results of this section can 
be generalized to the case of vector bundle maps v : E ^ F where m = rkE" < rkF. Let 
Hom^ {E, F) ^ X denote the bundle of injective bundle maps from E to F. The Steenrod 
obstruction class of the bundle Hom^ F) — > X is a degree q = n — m + 1 cohomology 
class which is the obstruction to the existence of an injective bundle map v : E ^ F over 
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the g-skeleton of X. Combining Remark 4.14 with the analogues of Theorems 5.2 and 5.4 
we conclude that this class is equal to 

(1) the twisted Euler class e of Hom(i?, F) when q~n 

(2) the degree q part of w{E)~^ when g < n is even, and 

(3) the Bockstein of the degree g — 1 part of w{F) w{E)~^ when g < n is odd. 

6. Higher dependency currents. The aim of this section is to study the currents as- 
sociated with higher dependencies, c.f. [HL3]. Let v be an ordered collection of m sec- 
tions v\,...,Vrn of a rank n bundle F — > X. In Section 3 we studied the linear depen- 
dency current, LD(z/), which is supported on the set of points x where at least one of 
the vectors i'i{x), ...,z/^(x) depend linearly on the remaining ones. Fix an integer I with 
max{0, m — n} < i < m. In this section we study the higher dependency current, LD^(i^), 
which is supported on the set where at least I of the sections depend linearly on the remain- 
ing ones, i.e. on the set of points over which the induced bundle map i/ : R"^ F has rank 
< m — £. The higher dependency current LD^(i/) has degree g := £{n — m + £), and so the 
dimension of hDfXu) decreases as £ increases. 

The current LD^(j^) is defined as follows. Let tt : G^(M."^) — > X denote the trivial 
Grassmann bundle of unoriented ^-dimensional linear subspaces of the trivial bundle 
X, and let U C M™' be the tautological rank £ bundle over G^(R.'^). The collection u is 
called ^-dependency atomic if the induced section u of the bundle H = Hom(C/, 7r*F) 
over Gf {W^) is atomic. 

The mod 2 higher dependency current, LD™°'^^(z/), is defined by 

(6.1) LDr'^^^^) _ 7r*Div"^°'^2(i7) on X. 

In this mod 2 case orientation issues are irrelevant. 

If m = n mod 2 it is possible to pushforward the Oi/-twisted current Div(i?) by the 
projection tt. This is because there is a canonical isomorphism 

OceiR"") ® 7r*OF if £ is odd, 
Oo^iRru^ if £ is even. 

In this case the higher dependency current, £0^(1/), is defined by 

(6.2) LD^(zy) := tt* Div(I?) on X. 
Note that 

( an Of — twisted current on X if £ is odd, 
LT>i{u) is <^ 

t a current on X if £ is even. 

The following equivalent definition of LDf(z/) is often useful, (c.f. Remark 3.5). Let 
p : Ge{W^) X be the Grassmann bundle of oriented ^-dimensional linear subspaces of 
1"". Note that the fibres ^^(M™) of GiiR"") are canonically oriented manifolds. Let U 
be the canonically oriented tautological bundle over G^(R."^), and let u denote the induced 
section of the bundle H = Hom([/, p*F) over Gi{M,'^). Then, if m = n mod 2, 

(6.3) LUi{u) = ip,Div(i7). 



O 



H 
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Proposition 6.4. Let u : M."^ F be as above and let ip : R"^ R"* be a bundle isomor- 
phism. Then the collection of sections corresponding to the bundle map v o i/; : M"^ F is 
also £- dependency atomic. Furthermore, if n = m mod 2, 

[sgn det(V') 'LT>i{v) if I is odd, 
y Li\j(,[y) if I IS even. 



Note. The analogues of the main Theorems 3.7 and 3.15 for (mod 2) hnear dependency- 
currents also hold for the (mod 2) higher dependency currents. This fact together with 
Proposition 6.4 imply the following corollary. 

Corollary 6.5. Let n = m mod 2 and let £ be odd. Then there is a locally rectifiable 
Of -twisted current T so that 

2LU£{u) = dT. 

Proof of Proposition 6.4- Let = uoip and let \E' : G^(M"^) — > G^(M"^) be the diffeomorphism 
induced by ip. Arguing as in the proof of Proposition 3.8 it suffices to show that 

(6.6) **(Div(/x)) = sgn det(i:>*) Div(P) on ^^(R^), 

and that 



(6.7) sgn det(L»*) = 



sgn det(V') if £ is odd, 
1 if £ is even. 



The proof of (6.6) is the same as that of Equation (3.13). Next we prove (6.7). Clearly it 
suffices to consider orthogonal linear maps ip : R"^ — > R"*. Now there is a canonical orien- 
tation preserving bundle isomorphism : Hom(t/, t/-*-) — > TGe{W^) defined as follows. Fix 
P e Gi{W^) and consider the canonical map (fp : Hom(P, P^) ^ Ge{W^) which sends a lin- 
ear map to its graph. Let Id : Hom(P, P-*-) Tq Hom(P, P-^) be the canonical isomorphism. 
Then (f)p := D(pp old defines (j) pointwise. Let \1/ : Hom(P, P-*-) — > Y{om.{ip{P),^{P-^)) be 
the map defined by \1/ := (p^p^p) o \1/ o ^pp. Now \1/(q;) = o a o is a linear map and so 
sgn det(D\l/) = sgn det(\l/). The result now follows by applying (3.3). □ 

A. The mod 2 cohomology class of LD™°'^^(z/). The goal of this subsection is to 
identify the mod 2 cohomology class of the mod 2 higher dependency current. Let w{F) = 

1 + wi{F) + W2{F) + h Wn{F) denote the total Stiefel-Whitney class of F. The Shur 

polynomial, Ai^\w{F)) e iy^'(X,Z2), is the polynomial in Wj (F) defined by 

(6.8) ^i^\w{F)) := det{wr-i+j{F))^<i,j<e. 
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Theorem 6.9. Let v : F be as above and let q = £{n — m + i). Then the coho- 

mology class of the mod 2 higher dependency current LD™°'^^(i/) in Z2) is the Shur 

polynomial Ajfl^^^(w;(F)). 
Example 6.10. 

(a) Since A^"^"* (t(;(T]RP'^)) 7^ 0, it is not possible to find a collection of 6 vector fields on MP"^ 
so that at each point of MP^ at least 4 of the 6 vectors are linearly independent. 

(b) Since A3^'*(w(TMP^'^)) ^ 0, for any collection of 10 vector fields on MP^° there is a point 
of RP^° so that at least 3 of the vectors at that point depend linearly on the remaining ones. 

Proof of Theorem 6.9. Let tt : G^(M"^) — > X. As in the proof of Theorem 4.1, it suffices to 
show that 

^.w,n{H) = Al^l^^,{w{F)) iniy^(X,Z2). 

Now the standard formula for the Stiefel-Whitney class of a tensor product says that 

WiniH) = wUU*^F) = A(f)(«;(F)«;(t/)-i). 

(One way to see this is to apply equation (A. 26) of [HL3] to Problem 7C of [MS].) Let 
k = m — £. Then, arguing as in the proof of Theorem 4.4 of [HL3] , we see that 

The proof is completed by observing that Wk{U-^Y is the generator of iy'^^(G^(R'^+^), Z2) = 
Z2. □ 

Remark 6.11. Mod 2 degeneracy currents. Let v : be a bundle map. Fix 

an integer k with < A; < min{m, n} and let £ = m — k. The mod 2 degeneracy current, 
Uf^^^iu), of the bundle map u is defined as in equation (6.1), with M"^ replaced by E. It 
is a degree q = {m — k){n — k) current which is supported on the set of points over which 
the bundle map has rank < k. The cohomology class of T>f°'^^{i^) in m{X,Z2) is given by 

Afc'^ {w{F)w{E)-^). 

Remark 6.12. Non— surjectivity currents. Next we specialize Remark 6.11 to the case 
that m = rk£'>rkF = n and k = n — 1 so that q = m — n + 1. The mod 2 non- 
surjectivity current, D™g'^^(i/) := D™°*J^(z/), is supported on the set over which the bundle 
map u fails to be surjective. The cohomology class of DJ^g'^^(z/) in i7'^(X, Z2) is given by 
A[^^ {w{F) w{E)-^) = A'^j^\w{E)w{F)-^) = {«;(£;) w(F)-i},, the degree g part of 
w{E)w{F)-\ 

If q is odd the non-surjectivity current, Dns('^) '■— ^n-i{^), is an Oe ® OF-twisted 
current defined as in equation (6.2). Let u* : F* ^ E* be the adjoint map. Then, at 
least for generic maps, Dns('^) = Dni(z^*), where Dni(z^*) is the non-injectivity current 
of u* as defined in Remark 4.14. So, by Remark 4.14, the cohomology class of DNs(i^) in 
H1{X,Ze®f) is (3 {{w{E)w{F)-^}q-i), the Bockstein of the de gree q — 1 = m — n part of 
w{E)w{F)-\ 
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B. The integer cohomology class of LD£(z>'). The case n = m mod 2. The aim of 

this subsection is to identify the (twisted) integer cohomology class [LD^(z/)] of the higher 
dependency current LD^(z/), which is defined whenever n = m mod 2. The torsion free part 
of [LD£(z/)] is well known. If £ is even it is a certain Shur polynomial in the total Pontrjagin 
class p{F) (see for example [HL3,6.9]) while if £ is odd it is zero, by Corollary 6.5 above. The 
mod 2 reduction of [LD^(i/)] is given in Theorem 6.9 above. We will prove that the (twisted) 
integer class of LD^(z^) is the sum of its torsion free part and a 2-torsion term, Tjf}_^_^i(W), 
defined below. This result builds on work of Ronga [R] who showed that the integer class of 
LD^(zy) is determined by its mod 2 and rational reductions. Our contribution is to explicitly 
identify the 2-torsion term as a certain polynomial in the Pontrjagin and twisted integral 
Stiefel- Whitney classes of F. 

Throughout this subsection Z denotes the Oi?-twisted integers, Z := Op Z. Let 
Vi{F) e H^{X, Z)denote the ith integral Pontrjagin class of F and W2j+i{F) e H^^+^{X, Z) 
the (2j+l)th twisted integral Stiefel- Whitney class, defined by (4.9). Recall that p{W2j+i) = 
W2j+i- Note that, since 2W2j+i = 0, the subring of H*{X, Z) © H*{X, Z) generated by the 
Pi{F) and W2j+i (F) is commutative. Also note that the product of two elements of H* (X, Z) 
is an element of H*{X,Z). Let W2j denote the formal square root of the jth Pontrjagin 
class, i.e. W2j := y/pj- We make this definition because is the mod 2 reduction of pj 
(see [MS] Problem 15 A). Of course the formal symbol W2j has no cohoniological meaning. 

Definition 6.13. Let 5"^ denote the symmetric group on i elements. Define r G 5'^ by 
T{i) = £ + 1 — z, and note that = Id. Let R : Si he the involution defined by 

R{cr) — ra~^T. Define an index set J d S^hy 

J := {a & Si : R{cr) = a and, if £ is even, then a{i) ^ zmod2 for some i.} 

Set r := n — m + £ and note that £ = r mod 2. Then we define 

Lemma 6.14. Suppose £ = r mod 2. Then 

(1) Ti:^\W) is a polynomial in the pi and W2j+i- 

(2) If £ is odd (resp. even) then each term ofTr^\w) is of odd (resp. even) degree in the 

variables W2j+i. Therefore tP (W (F)) is an element of m{X,Z) (resp. m{X,Z)), where 
q = ir. 

(3) Each term of the polynomial Tr''\w) has a factor of the form W2j+i- Therefore the 
class Ty\w{F)) is a torsion class of order 2. 

In the case that £ is even set £ = 2£o and r = 2ro- The main result is 
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Theorem 6.15. 

L'D£{i') is 



The (twisted) integer cohomology class of the higher dependency current 



[LD^(^)] = 



Ty\w{F)) in H'i{X, Z) when i is odd, 

Ail°\p{F)) + Ty\w{F)) in Hi{X,Z) when £ is even. 



Remark 6.16. For J even (resp. i odd) let l* : H*{X,Z) H*{X,R) (resp. i* : 
H*{X, Z) H*{X, M.)) denote the usual coefficient homomorphism, and let p* : H*{X, Z) — >• 
H*{X,Z2) (resp. p* : H*{X,Z) H*{X,Z2)) denote mod 2 reduction. Then 



(6.17) ^*([LD,(^)]) = 



if £ is odd, 

^ro\piF)) if £ is even. 



and 

(6.18) P*([LD,(i.)]) = [LUr^'ii.)] ^ Ai'\w{F)). 

These two formulae are well known (see [R]) and will be used to prove the more general 
result of Theorem 6.15. 

Example 6.19. 

(1) If £ = 2 then r = 2ro = n - m + 2and [LD^z/)] =jv„ + W^iWr+i. 

(2) If £ = r = 3 then [LD3(z/)] = P1W5 + P2W1 + Wi + W1W3W5. 

(3) If£ = r = 4then [LD4(z^)] 

= pI- PiP3 + PiWsWr + P2{mW5 + W^Wr) + paW^W^ + {W{W^ + Wi){W:^Wj + Wi). 

Remark 6.20. The following equivalent definition of Tr^^ {W) will be useful. Define an 
£ X £ matrix (flij) by 

(6.21) ay := Wr+i-j l<i,j<£. 



Note that the matrix (a^) is symmetric under reflection in the antidiagonal i + j = £ + 1, 
i.e. a£+i-j j+i-i — ttij. Let X denote the collection of subsets / of the index set {{i,j) '■ 
1 < ^7 J < ^} which satisfy the following three properties: 

(1) For each i (resp. j) in {!,...,£} there there is exactly one element j (resp. i) of 
(1, ...,£} so that {i,j) e /. 

(2) The subset / is symmetric under reflection in the antidiagonal i + j — £ + 1, i.e. 
(z, j) e / iff (£ + 1 - z, £ + 1 - j) e I, and 

(3) If £ is even, then there is at least one element {i,j) e / for which i^ j mod 2. 
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Then 



(6.22) Ty\w) = E n ^r+i-j. 

lex ii,j)ei 

To see that Definition 6.13 and (6.22) agree note that each a ^ J defines a subset /(cr) of 
{(^ij) : 1 < < ^} by /(cr) := {(z,(j(z)) : 1 < i < ^}. Furthermore the set associated 
with -R(o") is the reflection in the line z + j = £ + 1 of the subset associated with a. 

Proof of Lemma 6.I4. Let a E J^. Then, since R{a) = cr, we have G /(cr) iff 

(t(j), T(i)) e /(cr), where T(i) = £ + 1 — i. So, since CLT{j)T{i) = o^ij) 

where [/(a) = {z : i + a{i) < i + 1} and A(cr) = {i : i + a{i) = i + 1}. Note that 
|A(cr)| = i mod 2. Conclusions (1,2,3) now follow from the fact that, if i G A(cr), then 
r + i — a{i) = r — £ + 2i — lis odd. Conclusion (4) follows from the fact that | A(cr)| in 
the case that £ is odd, and from the definition of J in the case that £ is even. □ 

Proof of Theorem 6.15. By naturality we can reduce to the case in which the bundle F — > X 
is the tautological rank n bundle U over a sufficiently high dimensional approximation, 
Gn{^^), to the classifying space (^^(M""). Now, if is large enough, the torsion subgroup 
of H'^(Gn(M.^)^ Z) is a direct sum of cyclic groups of order 2 (see [B]). Furthermore, choosing 
N to be odd, Ctg„(m^) - Ou and so H*{G^{R^),Z) ^ H^{G^{R^),Z). So, by the 
universal coefficient theorem, the torsion subgroup of H'^iGniR^),'^) is also a direct sum 
of cyclic groups of order 2. Consequently elements of //'^(G„(M^), Z) and //'^(G„(M^), Z) 
are completely determined by their mod 2 and real reductions. So, setting 



it suffices to prove that 

(6.23) t*(Q(^)) = 



Ty\w(F)) ff^isodd, 
Aiy{p{F)) + Ty\w{F)) ff£iseven. 



ff £ is odd, 

Ail°\p{F)) ff^iseven. 



and 

(6.24) P*(QW) = AW(«;(F)), 

that is, that Qi^^ and [LD^(z>')] have the same torsion free part and mod 2 reduction. 
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Now (6.23) follows immediately from Lemma 6.14 (3). Let w^a) := Y\ Wr-\-i-a{i)- Then, 

i=l 

since the matrix aij = w^+i-j is symmetric under reflection in the antidiagonal, 

(6.25) w{R(a)) = w{a). 

In the case that £ is odd we verify (6.24) by observing that, by Definition 6.13, Ar^"* {w{F)) — 
p*{Qr^) = w{a), which is zero, since, by (6.25), the sum is a sum of terms of the form 

w{a) + w{R{a)) = 2w{a) = 0. 

Finally we verify (6.24) in the case that £ = 2£q is even. Let ip : S^^ ^ Si be the injection 
defined for j e {1, 2, ...,£o} by 

i;irj)i2j - 1) := 2r/(j) - 1 and V(^)(2j) := 2rj{j). 

The map t/j can be interpreted as follows. Let (bij) denote the £q x £q matrix bij := Pro+i-j 
and let C{r]) — {bj^ri{j) '■ 1 < J < ^o} be the subset of entries of (bij) defined by G S^^. 
Then C{'ip{r])) = {aj^^(^)(i) : 1 < z < is the set of those entries of (a^) obtained from 
C(?7) by replacing each element fej,r;(j) of C{r]) by the diagonal entries of the corresponding 
2x2 submatrix ^'^^(■^o+j-vU)) ^^^^ ) of the matrix (oy). So, since p*{pj) = w^j, the 

mod 2 reduction of the product of the elements of C{ri) equals the product, w{'^{rj)), of the 
elements of C{^{ri)). Summing over -q e S^^ we conclude that 

p* (a(^„°)(p(f))) = «'(^)- 

Now let K:= Si-^ (tPiSio) U J). To verify (6.24) it suffices to show that 

(6.26) Yw{a) = 0. 

aeK. 

To prove (6.26) we study the index set /C. Define /3 e 5'^ by 

f3{2j-l) = 2j and P{2j) = 2j-l for j e {1, M, 

and define P : 5"^ S'^ by -P(cr) := fiafS. The involution P can be interpreted as follows. 
Firstly, each entry of the £x£ matrix (aij) has a pair P{aij) defined as follows. Partition 

(aij) into 2x2 submatrices. Let " |^ j be one such submatrix. Then P{a) = d and P{b) = c. 

Let C(cr) denote the set of entries of {aij) defined by o" G S^. Then C(P(a")) = C(a"). The 
pairing involution P is introduced because 

(6.27) ^{Sio) = {ere Si : P{a) = a and z = a{i) mod2 for aU i}. 
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Define 



)CR = {a elC : R{a) ^ a} and ICp = {a e )C : R{a) = a and P{a) ^ a}. 

Wc claim that /C is the disjoint union /C = ICr U/Cp. To see this choose a G /C ~ ICr. Then, 
since o ^ J , i = o{i) mod 2 for aU i. Therefore, since o ^ ip{S£i^), equation (6.27) imphes 
that P(o") ^ cr, as required. 

Note that, since the pair of the reflection of an entry of (a^) is the reflection of the pair 
of that entry, 

(6.28) R{Pia)) = P{Ria)). 

Hence R preserves the decomposition Si = ip{Si^^) UjTU/CpU/Cp. Now, since the involution 
R : ICji —>■ ICr has no fixed points, it follows that ^ w{a) = 0, since it is the sum of terms 

of the form w{a) +w{R{a)) = 2w{a) = 0. Finally, by (6.28), P : JCp JCp is an involution 
with no fixed points, and once again ^ w{a) = 0. Hence (6.26) holds, as desired. □ 

7. Applications. 

In this section we apply the general results of the previous sections to study singularities of 
projections and singularities of maps (c.f. [HL3]). The results of this section hold whenever 
the projections and maps in question are atomic, by which we mean that the induced section 
of Hom(C/, F) — > Gi{E) is atomic. This hypothesis is assumed throughout. In particular, in 
the real analytic case we simply require that the degeneracy subvarieties of the map have 
codimension greater than or equal to the expected codimension in X, (see [HL3, 2.14]). 

A. Singularities of Projections. 

Let j : X ^ M.^ be an immersion of a smooth m-manifold. Fix an integer n < N and 
let P : ^ M'^ be a linear map. We study the singularities of the smooth projection 
P = P o j : X ^ R"^. Fix an integer k with < A; < min{m, n}. The kth mod 2 
degeneracy current of the projection P on X is defined to be D™°'^^(P) := JD^°^'^{dP) 
(c.f. Remark 6.11). This current is a degree q := {m — k){n — k) current which is supported 
on the set where the differential dP : TX R" has rank < k. By Remark 6.11, 

(7.1) [Dr''(P)] = A^r-~k'\^iTX)-') = A^::z',\w{TX)) inmiX^Z^). 

li n = m mod 2, the A;th degeneracy current of the projection P on X, IDkiP) := 
Dfc(rfP) can also be defined (as in (6.2)). Let (dP)* : R" T*X denote the adjoint map. 
Then, at least for generic P, Dfc(P) = Dfc((dP)*). Therefore, by Theorem 6.15, 

[D^(P)] = I T!^-k\w{TX)) in H'^iX, Z), when n - k is odd, 

I AS°:t°^(p(rX)) + T^:,'\W{TX)) in H'^iX, Z), when n - k is even, 

where 2(no — ko) = n — k and 2(mo — ko) = m — k. 
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Example 7.3. Tangential Stiefel-Whitney classes. Fix 1 < q <m and let P : 

^m-q+i linear. The mod 2 non— submersion current of the projection P on X is 
defined by D^g^^(P) := D™'i^g^(dP) on X. This is a degree q current which is supported 
on the subset of X on which the map P : X ^ ]R"*~'3'+^ fails to be a submersion. By (7.1), 

re^2(P)] = w.iTX) mH^X,Z2). 

Furthermore, if q is odd, then the non-submersion current, Dns(-P), can also be defined, 
and, by Remark 6.12, 

[Dns(P)] = Wg{TX) ini?^(X,Z). 

Example 7.4. Normal Stiefel-Whitney classes. Fix 1 < q < N — m and let P : 
— > W^'^'^~^ be linear. The mod 2 non— immersion current of the projection P on X 
is defined by Di^f'^^(P) := 'D^°_^^{dP) on X. This is a degree q current which is supported 
on the subset of X on which the map P : X — > W^'^'^~^ fails to be a immersion. By (7.1), 

W'(^')] = w,{NX) mm{X,Z2), 

where NX is the normal bundle to X in M^. Furthermore, if q is odd, then the non- 
immersion current, Dni(P), can also be defined, and, by Remark 4.14, 

[Dni(P)] = Wq{NX) mH\X,Z). 
B. Singularities of maps. 

Let X and Y be smooth manifolds of dimensions m and n respectively, and let / : X — > F 
be a smooth mapping. Let < k < min{m, n}. The kth mod 2 degeneracy current of the 
map / is defined to be D™°'^^(/) := D™°'^^((i/). This is a degree q — {m — k){n — k) current 
supported on the set where df : TX TY has rank < /c. By Remark 6.11, 

(7.5) [T^r^^f)] = /^t-~k''\n^iTY))w{TX)-^) inif^(X,Z2). 

Example 7.6. Non— submersion currents. Suppose that m = dimX > dimy = n and 
let = m — 71 + 1. Then, by Remark 6.12, the cohomology class of the mod 2 non-submersion 
current D™g^2(^/) := Ti'^^\'^{f) is 

[Dns''(/)] = {w{TX) nw{TY)-^)}^,^, iniy«(X,Z2), 
and, if q is odd, 

[Dns(/)] = /?({^(TX)r(«;(Ty)-i)}deg,-i) iniy^(X,Z). 
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Example 7.7. Non— immersion currents. Suppose that m = dimX < dimy = n and 
let q = n — m + 1. Then, by Remark 4.14, the cohomology class of the mod 2 non-immersion 
current ID^f'^^if) := ID^°^^^{f) is 

W(/)] = {fMTY)wiTX)-'Ues, inH^{X,Z2), 

and, if q is odd, 

[Dni(/)] = p {{rw{TY)w{TX)-^Ue^,_i) mH\X,Z). 

Appendix. Computing cohomology with currents. 

This appendix is included for two reasons; first for the sake of completeness. The second 
reason is that although the approach taken here is both simple and natural (via standard 
sheaf theory) it does not appear in the geometric measure theory literature. 

Definition A.l. The complex 

of sheaves is called an acyclic resolution of the sheaf S if 

(1) the complex is exact, and 

(2) each sheaf is acyclic, i.e. W{X,TP) = for j = 1, ... . 



The basic result is that cohomology with coefficients in S can be computed from such a 
resolution. That is, 

{ipeT{X,J^P) : = 0} 



HP{X,S) 



dr{x,Tp-'^) 



and 



A classical reference for this and other standard results from sheaf theory is Godement [G] . 

In this paper the cases and coefficient sheaves of most interest are: 
The integer case with coefficient sheaf Z, the sheaf of germs of locally constant integer 
valued functions (see Corollary A. 5). 

The mod 2 case with coefficient sheaf Z2 := Z / 2Z (see Example 10), and 

The twisted integer case with coefficient sheaf Z := Z®Z2 ^v, where Oy is the orientation 
sheaf of a real vector bundle V ^ X (see Example 7). 

Throughout this appendix X is a C°° (paracompact) n-dimensional manifold. Let Otx 
or Ox denote the orientation sheaf of X and let Zx := Z (8)^2 Ox and Rx := R Ox- 
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Example 1. Differential forms. Let £ denote the sheaf of germs of C°° differential 
p-forms with d taken to be exterior differentiation. Then 

^ ^^'^^ - d£^^) • 

Each £P is acychc because is fine (i.e. there exists a partition of unity). Also the sequence, 
— > M — > £° — > • • • — > — > is exact by the Poincare lemma for exterior differentiation. 

Example 2. Currents. Let T>'^ denote the sheaf of germs of degree p currents (defined 
in Section 2). Then 

^ R ^ P'" ^ X>'^ ^ > P'" ^ 

is an acyclic resolution of M and hence can be used to compute real cohomology HP{X, R). 

Example 3. Singular chains. Let Ck denote the sheaf of germs of C°° singular A;-chains 
with locally finite support, with the usual boundary operator. Then 

— > Zx Cn ^ Cn-i Co ^ 

is an acyclic resolution of Zx, so that 

Homology is just cohomology with compact supports and with the coefficients twisted by 
the orientation sheaf Ox- That is, 

{<p e C l^\X) : = 0} 

Example 4. Ox-twisted currents. Let "D^ denote the sheaf of germs of k dimensional 
C»x-twisted currents on X. Then ^ Rx ^ T^'n ^ ^n-i ^ ■ ■ ■ ^ ^ is an 
acyclic resolution of Rx and hence can be used to compute iy^(X, Rx) or real homology 
Hk{X, R) := HPp,{X, Rx), where p + k = n. 

Example 5. Integrally flat currents. This is one of the examples of central importance 
in this paper and so will be treated in more detail. Let ^i^^iX) denote the space of locally 
integrally flat degree p currents on X. We take as definition J^i^^iX) :— 71^^^{X) +d7l^~J^ (X) 
i.e. all currents which can be written as A + dB with A e TZioci^) and B e T^^^^{X) 
where 7lf^^{X) denotes the space of locally rectifiable degree p currents. In results where 
the degree of a locally integrally fiat current can be arbitrary we use the less encumbered 
notation J-'ioc{U). 

The spaces {J^ioc{U) : U°^^^ C X} form a presheaf of abelian groups. One can form the 
associated sheaf .Fioc of germs, and consider the natural map from J^ioc{U) to r(t/, J^oc)- 
This map is injective because the support axiom is satisfied. 
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HkiX,Z) = Hl^,{X,Zx) = — ' ept^^.^ where p+k = n. 



Support axiom. Let ^ be a presheaf. If T e J^{X) restricts to be zero in a neighbourhood 
of each point of X then T = 0. 

Note. For a general presheaf !F this axiom is equivalent to the concept of support being 
well defined. The support of T e is defined to be the complement of the set of points 

X & X such that T |j^= for some neighbourhood U of x. 

This map is surjective because the following axiom is satisfied. 

Local to global axiom. Suppose Tq, G J^{Ua) is given, where {Ua} is a locally finite open 
cover of X. Let UaB = t^a H Ug. If Tad — Tn\rr — Tq vanishes then there exists a 

global T G J^(X) such that T \ — T^. 

For a given presheaf, if both of these conditions/axioms are satisfied then the presheaf 
is said to be a sheaf. A sheaf is said to be soft if for each closed set C <Z X and each 
section of the sheaf on C there exists an extension to all of X. That is, for each section on 
a neighbourhood of C there exists a section on X which agrees with the given section on a 
(smaller) neighbourhood of C. Soft sheaves are always acyclic, for basically the same reason 
fine sheaves are acyclic. Namely, the decompositions provided by a partition of unity exist 
(even though these may not arise from a partition of unity). 

Theorem A. 2. The presheaf {T\oc{U)} of locally integrally fiat currents is a sheaf and this 
sheaf J^ioc is soft. 

Proof. Since each J^ioc{U) is a subset of V'{U) and the support axiom is satisfied for the 
presheaf V'{U) the support axiom is automatic for !F\oc{U). 

To prove the local to global property we first describe the proof for TZ\oc{U). Given 
Ad G TliociUct) with Act = Ap on 11^(3 choose a partition of unity {Xa} for {Ua} with each 
Xa a characteristic function of a closed set. Then, since Xa-^a is also a rectifiable current 
on Ua (but vanishing near dUa), we may consider Xa-^a 

G 7?.ioc(-^) extended by zero to all 

of X. Set A = J2xi3'^0 iiote that A I = Aa- 

The proof of the local to global property for J-'iociU) can be outlined as follows. For a 
more complete proof see [11,3.1] . Suppose that we are given Tq, = A^ + dBa with A^, G 
T^iociUct) and Tq = T/j on UajS-, i-e. A^ — Afj = d^Bp — Ba). Suppose we could set 
T = 'Y^XaTai and verify that 

(*) XaTa = XaAa + XadB^ = Xa^a - {dXa)Ba + d{XaBa)- 

More precisely we must show that XaAa—dXa.Ba and XaBa define locally rectifiable currents 
satisfying equation (★). This is not always true because {dxa)Ba and/or XadB^ may not 
be defined. However, by Federer's theory of slicing, we may choose a slight perturbation of 
Xa so that dxaBa is a well defined rectifiable current and so that XadB^ is a well defined 
current with the equation d{xaBa) = idXa)Ba + XadB^ satisfied. 
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The proof that Tioc is soft is easier. First consider the analogous result for locally 
rectifiable currents. T^ioc is soft because: given a closed set C G X and A G 7^ioc(t^) 
where U is a neighbourhood of C we may choose x to be the characteristic function of 
V G U where V is an open neighbourhood of C and then set A — xA G 7^ioc(-^) to be the 
desired extension. Similarly, given T = A + dB e J^\oc{U) the current T = x^ + d{xB) 
provides the required extension. □ 

Since T\oc is soft we have 

Corollary A. 3. The sheaf J-'\oc is acyclic. In particular, for each locally finite open cover 
^ = {Ua} of X, the cohomology H^{U, T\oc) = 0. That is, given 3^(3 G ^loci^afs) satisfying 

Sal3 + Sp^ + S^oi =0 on Ua/3-y 

there exist Sa G J-f^^{Ua) such that 

SaP = Sa — Sf3 on Uaf3- 



Theorem A. 4. 



is exact. 



Proof. Exactness on the left is equivalent to — Z — > ^?oc ~^ ^loc being exact since 
= TZiQf.- This follows immediately from the standard fact that — > M — > — > V'^ 
is exact, i.e. locally a d-closed generalized function is represented by a constant function. 
Let U be an open ball in W. Suppose T = A + dB where A e 7^f^c(^)' ^ ^ ^fo^^(^) and 
p > 1. If T is d-closed then dA = 0. Using the standard cone construction (and Federer's 
theory) there exists A e TZ\~^{U) such that dA = Aon U. Therefore d{A + B) = T where 

A + Benl-\u)G:F^-\u). □ 

Corollary A. 5. 

H^(X Z) = {^^-^LW ■■ dT^O} 

^ ' ^ d:Fr-\x) 

That is, the integrally fiat currents can be used to compute Z cohomology. 

Lemma A. 6. Given T G J-'\oc{X) and a neighbourhood U o/sptT there exist A,B & 
T^\oc{X) satisfying T = A + dB and with spt A C U, spt B cU. 

Remark. In particular. Lemma A. 6 implies that if T G TcptiX) then there exist A, B & 
7^cpt(^) with T = A + dB. Consequently, Federer's definition of J-'cpt{X) (where J-'cpt{X) = 
'^cpt(-^) + c^'^cpt(-^)) agrees with the definition given in this appendix (where J-'cpt{X) is 
the space of compactly supported sections of J-'ioc)- 

Federer defines .Fioc(^) to be the space of those currents on X which locally agree with 
a current of the type A + dB where A,Be 7lcpt{X). As a consequence of the discussion 
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above one can easily show that the definition of J-'ioc{X) given in this appendix (namely 
TZ\oc{X) + dTlioc{X)) agrees with the definition in [F]. 

Proof of Lemma. Choose A, B e 7^loc(^) with T = A + dB. On X ^ sptT, both B and 
dB = —A are locally rectifiable. By Federer's theory of slicing there exists a neighbourhood 
V of sptT with V C U such that on X ~ sptT, the sHce {dx)B G 7^ioc(-^ ~ sptT) exists 
and d{xB) — {dx)B + xdB on X ~ spt T. Here x denotes the characteristic function of V. 
Consquently, 

T = A + dB = xA + xdB = xA- {dx)B + d{xB), 

where x-^ ~ {dx)B and d{xB) are locally rectifiable on X with support in U. □ 

Example 6. Integrally flat Cx-twisted currents. This example is almost identical 
to Example 5. Let 'R}^^{X) denote the space of locally rectifiable Ox-twisted currents of 
dimension fc, and let T]^"" := 7^)°^(X) + d7^)?^(X) denote the space of locally integrally flat 
Ox -twisted currents of dimension k. Then 

^ Zx ^ ^^oc ^ j,ioc^ ^ . ^ 

is an acyclic resolution of Zx- Hence the complex {J^j^'',d} can be used to compute 
HP{X, Zx), or integer homology Hjt{X, Z) = H^p^.(X, Zx), where p + k = n. 

Example 7. Integrally flat (9\/-twisted currents. Let V ^ X he a real bundle with 
orientation sheaf Oy and let Zy :— Z (g)^^ ^v- Let ^^iQ^iX) denote the space of degree p 
locally integrally flat Oy^twisted currents on X. Then 

^ Zy ^ :Fio^ J^^ioc > JFj^c 

is an acyclic resolution of Zy. Hence the complex {^iQ^,d} can be used to compute 
HP{X,Zv). 

Example 8. Mod q integrally flat currents. Cohomology with Zq coefficients can be 
computed using mod q currents. 

Deflnition A. 7. The space of mod q locally integrally flat currents on X is 

deflned to be the quotient ^i^ci-^) I ^-^loci-^)- 

To avoid an excess of subscripts and superscripts we always drop the superscript p for 
the degree and the subscript k for the dimension when describing mod q currents. 

Remark. Federer takes the quotient of J-'y^^{X) by the closure of qJ^^^^{X) in the flat 
topology on ^\Qf,{X) in order to prove compactness theorems for mod q currents. For 
our purposes — computing cohomology — this closure is an unnecessary complication. In 
addition, Fred Almgren (private communication) has proven that qJ^^^^{X) is already closed 
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Theorem A.8. The presheaf {J^^°'^''{U)} is a sheaf and this sheaf ^ is soft. 

Proof Firstly we must verify the support axiom. Suppose T e J^^^'^'^{X) is given (and 
represented by T e J^\oJX)). Further suppose T I = for each a, i.e. there exist 
Sa e ^ioc{Ua) such that T 1^ = qSol for each a. Now qSa = qSp on U^p imphes So, = Sjs 
on Uap. Since {J^\oc{U)} satisfies the local to global axiom there exists S e J^ioc{X) such 
that S \jj = Sa- Consequently T = qS on X so that T = 0. 

Secondly we must verify the local to global axiom for {J^]^°'^'^{U)}. Suppose Tq, G 
•^io'c'^'^(^a) given with Tq, = T^j on Ua/3. Choosing representatives Tq, G J^ioc(t^a) 
for Tq,, the equation Tq, = on L^q^ says that there exist S'q^ G J^ioc(t^a/3) such that 
Ta — — qSafS on Uap- The cocycle condition for S^fS is satisfied since it is satisfied for 
qSa/3- Recall that H^{U,J^ioc) = 0. This implies that there exist Sa £ ^ioc(Wa) such that 
Sa — Sp = Saj3- Consequently 

T = Ta-qSae Tloc{X) 

is well defined independent of a and provides the global representation of a class T G 
•^i^c'^^(^) with T |^^= Tc, for each a. 

Finally we must show that the sheaf is soft. Suppose T G J^^"'^'^{U) is given 

(represented by T G T\ociU)) and U is an open neighbourhood of a closed set C. Since jFjo^. 
is soft there exists 5" G !F\oc{X) such that 5" \ y= T |^ for some neighbourhood V izU of C. 

Now S G J^Z°'^\X) and 5 = T on the neighbourhood V" of C. □ 

Proposition A. 9. Given T G J']^°^^{X) and a neighbourhood U of A := sptT there exists 
a representative T G !F\oc{X) ofT with sptT C U . 

Proof. Let T G !F\oc{X) denote an arbitrary representative of T. Restricted to X ~ ^, 
T 1^^^= qS for some S G .Fioc(-^ ~ A). Since .Fioc is soft there exists a global section 
S G J-\qc{X) which agrees with 5' on a neighbourhood of the closed set X ~ [/. Now 
T — qS E T\oc{X) is another representative of T and T — qS vanishes on a neighbourhood 

of X ~ t/. □ 

Note that the sheaf is a subsheaf of T^'^'^ ^ when the degree is zero (i.e. when dimension 
is n). 

Lemma A. 10. Suppose T G J-'^°'^'^{U) is of degree zero on the open unit ball U. If dT = 

then T is represented by a constant integer valued function. 

Proof. The equation dT = means that dT = qS with S G ^\q^{U) and T G ^lo^i^) 
a representative for T. The current qS and hence S is d-closed. Therefore there exists 
R G ^c(^) satisfying dR = S (because this is true for locally rectifiable currents). Now 
T — qR e ^ioc(^) ^-Iso represents T and is cZ-closed. Therefore T — q-i? is a constant integer 
valued function. □ 

This proves that ^ ^ -^loc.dego ^ -^loc.degi is exact. 
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Lemma A. 11. Let p > 1. Given T e •^™cdegp(^) '^'^ ^^^^ ^ satisfying dT = 

there exists S e -^^c degp-i(^) ^^^^ dS = T. 

Proof. There exist T e and ^ e such that = qS. Thus d5 = 0. Now 

S = A + dB where A,B e 7l\oc{U). Thus = 0. Since degree A = p+l>l there exists 
R e 7^foc(t^) such that A = dR. Therefore S = dB for some B e 7^foc(t/)- Consequently 
f = T-qB e J^ioc(^) is another representative of T with = 0. Finally solve dS = f on 
U with S e J^j^Jc/). □ 



In summary, the mod q currents J-'^^'^'^{X) may be used to compute cohomology with 
Zq coefficients. 

Theorem A. 12. 



{T e J^^cZpi^) ■■ dT = 0} 



Example 9. Mod q integrally flat Ox-twisted currents. This example is almost 
identical to Example 8. Let J^^°odqi^) '■= ^k'^'i^) / Q^k^i^) be the space of mod q 
locally integrally flat Cx-twisted currents on X and let Zg := Ox ^g- Then the 
complex {J^l^^dqi^) ' d} can be used to compute HP{X,Zq), or Hk{X,Zq) = Hl^^{X,Zq) 
where p + k = n. 

Example 10. The mod 2 integrally flat case. In this example we wish to compute 
Z2 cohomology Z2). This can be done in several equivalent ways. Firstly, restating 

Theorem A. 12 in the case q — 2, Hp{X, Z2) can be computed from the complex J-'^°'^'^{X) := 
.7^i*p(X) / 2jFj*^(X) of mod 2 locally integrally flat currents on X. 

Next suppose that y is a real bundle with orientation sheaf Oy and let J^iQ^i-^) denote 
the degree p locally integrally flat Oy-twisted currents on X. 

Lemma A. 13. 

Therefore H^^X, Z2) can also be computed using the complex of mod 2 locally integrally flat 
Oy -twisted currents. 

Proof of Lemma. First wc define a mapping 99 : JF-^^(X) — > jFj^^(X) / 2JF^^(X). Let 

T G jFj^^(X). Choose a locally finite open cover {Ua} of X and fix ordered frames Cq for V 
over Ua- For each pair {Ua,eo,) let Tq, G Tf^^{Ua) be defined by T = [cq] ®Ta on Ua.- Note 
that Ta = ±Tp on n t/^,. Define S^p G J^ioc(t^a n C/^s) by 

^ ^rO ifT« = T^ont/«nC/^, 

"'^ I T« ifT«= -TponUanU/3. 
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Then 



(A.14) To, - = 2Sa/3 onUaHUp. 

Let e J^(^°'^^{U^) be the mod 2 class of T^. Then, by equation (A.14), 7^ = 7> on 
Ua n Ui3. Since the presheaf {^™c'^^(t^)} satisfies the Local to Global axiom (see Theorem 
A.8) there is a well defined element ip{T) G J^{^^'^^{X) so that ip{T) \^ =T^. Note that 
(/p(T) is well defined independent of the choices of locally finite open cover {Ua} and frames 
Cq, for V over Ua- 

In summary we have defined a map (p : ^iof,{X) — > J^Qf,{X) j 2J^^^{X). Now, since 
^(2T) |^^= 27^ = 0, the induced map ^ : ^f„,(X) / 2^f„^(X) ^ ^„^(X) / 2^„^(X) is 
well defined. Finally, to show that (p is an isomorphism, we can use the same procedure to 
construct an inverse for if. □ 
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